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Abstract
In this paper we analyse in detail an S3-symmetric three-Higgs-doublet model
with a specific vacuum configuration. This analysis allows us to illustrate well-known
interesting features of models with several Higgs doublets, such as the possibility of
having spontaneous CP violation. We start with a real potential and we pick a par-
ticularly interesting complex vacuum configuration, which by itself does not violate
CP. We study the roˆle played by different soft symmetry breaking terms. These are
essential for our choice of vacuum in order to remove unwanted massless scalars which
arise from the spontaneous breaking of an accidental continuous symmetry. We list
scalar sector and scalar-gauge sector-couplings for the particular case we consider in
detail in this work. The results presented in this paper will be important for model
building.
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1 Introduction
In the Standard Model there is only one Higgs doublet, leading, through the Higgs mecha-
nism [1–4], to the existence of one Higgs boson. Such a particle was discovered in 2012 at
the LHC [5, 6]. The question remains of whether or not there are additional Higgs bosons
in Nature. Multi-Higgs extensions of the Standard Model (SM) are very well motivated.
In particular a lot of work has been done in the context of models with two Higgs doublets,
for reviews see [7, 8] as well as in models with three or more Higgs doublets [9]. As the
complexity of the Higgs sector grows the number of free parameters increases [10].
Symmetries play an important role in controlling the number of free parameters, there-
fore increasing the predictability of such extensions. In these scenarios some of the problems
of the SM, such as the need for new sources of CP violation, can be addressed. These models
have a rich phenomenology and will be tested at the LHC and future colliders. An impor-
tant feature of multi-Higgs extensions of the SM is the possibility of having spontaneous
CP violation. It was shown by T. D. Lee [11] that models with two Higgs doublets can
violate CP spontaneously. Imposing additional symmetries may eliminate the possibility
of having spontaneous CP violation. On the other hand, continuous symmetries broken by
vacuum expectation values (vevs) lead to the existence of massless scalars [12–14]. These
are ruled out by experiment. There are also strong experimental constraints which have
to be taken into consideration when extending the Higgs sector of the SM [15].
In this paper, we revisit the different vacuum solutions for the S3-symmetric potential
with three Higgs doublets which were studied previously in Ref. [16]. The S3-symmetric
scalar sector with three Higgs doublets was studied in the past by several authors, starting
in 1977 by Pakvasa and Sugawara [17] who worked with irreducible representations con-
sisting of a doublet and singlet of S3 and also analyzed couplings to fermions. Derman and
Tsao [18,19] shortly afterwards discussed several properties of these models in terms of the
defining representation of S3. In Ref. [16], special attention was paid to the possibility of
having spontaneous CP violation. However, it was also pointed out that several potentially
interesting vacua led to the existence of massless scalars [16,20]. These massless states are
due to the spontaneous breaking of accidental continuous symmetries resulting from con-
straints imposed on the region of parameters arising from the minimisation conditions,
with a few rare exceptions that will be pointed out in the paper. The identification of such
symmetries is of great relevance and has been dealt with in the context of general 3HDMs
by several authors [21, 23] (see also Ref. [24]).
Here, we work with the irreducible representations, doublet and singlet and we intro-
duce soft breaking terms (terms bilinear in the fields) in the potential, which break the
symmetries leading to massless scalars. First, we consider all possible forms for the soft
breaking terms and we separate the vacuum solutions according to whether they are real
or complex. Next, we classify them according to the number of zero vacuum expectation
values and their positions. The rest of our analysis centres on the study of a specific vac-
uum solution of the unbroken S3 symmetry which suffers from unwanted massless bosons.
This we call the C-III-c solution.
Before introducing soft breaking terms, the C-III-c vacuum displays very curious prop-
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erties. It is the only vacuum allowing for a non-trivial phase, which is not determined
by any of the parameters of the potential and remains free. However, there is a term in
the potential which is sensitive to this phase, denoted λ7 below. This term accounts for a
coupling between two fields from the S3 doublet and two fields from the S3 singlet. Since
the C-III-c vacuum and its generalisations when soft breaking terms are included, have a
vanishing singlet vev, this dependence on the phase will enter the mass-squared matrix for
the singlet states. This phase will also enter in trilinear couplings. When soft breaking
terms are introduced, this phase will also have an impact on other parts of the potential.
This paper is organised as follows. In section 2 we explain the general framework. In
section 3 we present a brief discussion of some of the vacuum solutions obtained in [16].
In section 4 we discuss the origin of the massless states and in section 5 we review some
properties of the C-III-c model. In section 6 we list all possible forms for the vacua in terms
of zero vevs and we discuss the effects of each allowed soft breaking term. Next, in section 7
we focus our attention on the discussion of a class of S3-inspired 3HDMs with a complex
vacuum characterised by having zero vev for the S3 singlet and with the two other vevs
being arbitrary complex. Previously, we called this vacuum C-III-c before introducing soft
breaking terms. In Ref. [16] we had shown that without soft breaking terms this vacuum
did not violate CP spontaneously, despite being complex. We now show what effect the
introduction of the different soft breaking terms can have on the CP properties of this
complex vacuum. Finally, in the last section, we present our summary.
2 Framework
The S3 symmetry is a symmetry for the permutation of three objects, in this case three
Higgs doublet fields, φ1, φ2 and φ3.
The scalar potential expressed in terms of the S3 irreducible representation singlet and
doublet fields, respectively (hS) and (h1, h2), can be written as
V = V2 + V4, (2.1)
with [25–27]:
V2 = µ
2
0h
†
ShS + µ
2
1(h
†
1h1 + h
†
2h2), (2.2a)
V4 = λ1(h
†
1h1 + h
†
2h2)
2 + λ2(h
†
1h2 − h†2h1)2 + λ3[(h†1h1 − h†2h2)2 + (h†1h2 + h†2h1)2]
+ λ4[(h
†
Sh1)(h
†
1h2 + h
†
2h1) + (h
†
Sh2)(h
†
1h1 − h†2h2) + h.c.] + λ5(h†ShS)(h†1h1 + h†2h2)
+ λ6[(h
†
Sh1)(h
†
1hS) + (h
†
Sh2)(h
†
2hS)] + λ7[(h
†
Sh1)(h
†
Sh1) + (h
†
Sh2)(h
†
Sh2) + h.c.]
+ λ8(h
†
ShS)
2. (2.2b)
where we are taking all coefficients to be real. Therefore, there is no explicit CP violation.
The irreducible representations can be related to the defining set of Higgs doublets φ1, φ2
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and φ3, by: 
 h1h2
hS

 =


1√
2
−1√
2
0
1√
6
1√
6
−2√
6
1√
3
1√
3
1√
3



 φ1φ2
φ3

 . (2.3)
The initial papers studying this potential were written in terms of the defining rep-
resentation [18, 19]. Notice that Eq. (2.3) chooses a particular direction in the space of
doublets of the defining representation. There is no freedom in the direction of hS, where
they all play an equal role. However, for h1, any permutation of (1,−1, 0) is equally valid,
implying the corresponding changes in the definition of h2. There is no physics content
in any of these arbitrary choices, but they translate differently in terms of consistency
conditions when going from the defining representation to the irreducible representation.
This should be clear from the discussion in section 4 of Ref. [16]. Further comments will
be presented below.
A full classification of all possible vacua, together with the necessary constraints on
the parameters of the potential coming from the minimisation conditions, was given in
Ref. [16]. There are 11 vacua with all vevs real, which were denoted R followed by a
further specification, and 17 vacua with at least one complex vev, for which the letter C is
used. Each vacuum is labeled by R or C followed by a Roman number and possibly another
alphabetic index. The Roman number indicates how many constraints on the parameters
are required by the minimisation conditions. The additional alphabetic index is used to
distinguish different (real or complex) vacua with the same number of constraints.
For the SU(2) doublets we use the notation
hi =
(
h+i
(wi + ηi + iχi)/
√
2
)
, i = 1, 2, hS =
(
h+S
(wS + ηS + iχS)/
√
2
)
. (2.4)
In some cases, it is also convenient to extract an overall phase.
A particularly interesting vacuum is the one identified as case C-III-c,
(w1, w2, wS) = (wˆ1e
iσ1 , wˆ2e
iσ2 , 0), (2.5)
with wˆ1 and wˆ2 real and positive. The three stationary-point constraints are:
µ21 = −(λ1 + λ3)(wˆ21 + wˆ22), (2.6a)
λ2 + λ3 = 0, (2.6b)
λ4 = 0. (2.6c)
In this solution, λ4 is required to be zero. It should be pointed out that λ4 plays a
very important role in this potential. Whenever λ4 6= 0, the only independent Higgs-family
symmetries of the potential are the global U(1) symmetry and the symmetry under which
h1 changes sign. The combination of these two symmetries also yields a potential that is
symmetric under the simultaneous change of sign of both h2 and hS. On the other hand,
whenever λ4 = 0, the potential acquires an additional (continuous) independent O(2)
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symmetry among the fields h1 and h2. Combining this symmetry with the two symmetries
that were already present without a vanishing λ4, one finds that now, with λ4 = 0, the
potential is also symmetric under the independent sign changes of either h2 or hS.
This O(2) symmetry allows for the rotation among h1 and h2 in such a way that,
together with an appropriate overall rephasing, this vacuum can be transformed into [28]
(w1, w2, wS) = (wˆe
iσ/2, wˆe−iσ/2, 0), (2.7)
so that it can be easily shown [28, 29] that it does not violate CP spontaneously.
The continuous O(2) symmetry is spontaneously broken by the C-III-c vacuum, giving
rise to a massless neutral scalar field. However, we have one more massless neutral scalar
for which there is no explanation in terms of a spontaneously broken continuous symmetry.
We shall comment on its origin below. In all, for the C-III-c case, we have two massless
neutral scalars which need to be removed in order to construct a physical model. One way
to achieve this is by adding one or more terms that break the S3 symmetry softly.
3 Brief discussion on some of the vacuum solutions
It is instructive to summarise some properties of the possible vacua of the S3-symmetric
potential. Table 1 lists all possible vacuum solutions, with λa defined by:
λa = λ5 + λ6 + 2λ7, (3.1a)
λb = λ5 + λ6 − 2λ7, (3.1b)
(the quantity λb will be used below, in the discussion of the complex vacua).
All real vacuum solutions other than R-0 and R-I-1 violate the S3 symmetry spon-
taneously. For these solutions, the residual symmetries were discussed by Derman and
Tsao [19].
The constraints given in table 1 come from the stationary-point conditions
2µ20wS + λ4(3w
2
1 − w22)w2 + (λ5 + λ6 + 2λ7)(w21 + w22)wS + 2λ8w3S = 0, (3.2a)[
2µ21 + 2(λ1 + λ3)(w
2
1 + w
2
2) + 6λ4w2wS + (λ5 + λ6 + 2λ7)w
2
S
]
w1 = 0, (3.2b)
2µ21w2 + 2(λ1 + λ3)(w
2
1 + w
2
2)w2 + 3λ4(w
2
1 − w22)wS + (λ5 + λ6 + 2λ7)w2w2S = 0, (3.2c)
which were discussed in Ref. [16]. We see that in order to classify all possible solutions
to these equations, one must consider all configuration of the vacuum parameters wi, in
particular all possible situations where two of the vevs vanish as well as all the possible
situations where only one vev vanishes, and finally the situation where none of the vevs
vanishes (R-III). For each configuration of vacuum parameters, we determine the resulting
constraints on the parameter of the potential, in each case solving for µ20 and µ
2
1 (if possible).
In particular, since both equations (3.2b) and (3.2c) contain µ21, in order to solve them
simultaneously we will get an additional constraint either on the parameters of the vevs
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Table 1: Possible real vacua (partly after Derman and Tsao [19]). This classification of
vacua [16] uses the notation R-X-y, explained in the text. The vevs of the φi are denoted
by ρi .
Vacuum ρ1, ρ2, ρ3 w1, w2, wS Comment
R-0 0, 0, 0 0, 0, 0 Not interesting
R-I-1 x, x, x 0, 0, wS µ
2
0 = −λ8w2S
R-I-2a x,−x, 0 w, 0, 0 µ21 = − (λ1 + λ3)w21
R-I-2b x, 0,−x w,√3w, 0 µ21 = −43 (λ1 + λ3)w22
R-I-2c 0, x,−x w,−√3w, 0 µ21 = −43 (λ1 + λ3)w22
R-II-1a x, x, y 0, w, wS µ
2
0 =
1
2
λ4
w32
wS
− 1
2
λaw
2
2 − λ8w2S,
µ21 = − (λ1 + λ3)w22 + 32λ4w2wS − 12λaw2S
R-II-1b x, y, x w,−w/√3, wS µ20 = −4λ4 w
3
2
wS
− 2λaw22 − λ8w2S,
µ21 = −4 (λ1 + λ3)w22 − 3λ4w2wS − 12λaw2S
R-II-1c y, x, x w, w/
√
3, wS µ
2
0 = −4λ4 w
3
2
wS
− 2λaw22 − λ8w2S,
µ21 = −4 (λ1 + λ3)w22 − 3λ4w2wS − 12λaw2S
R-II-2 x, x,−2x 0, w, 0 µ21 = − (λ1 + λ3)w22, λ4 = 0
R-II-3 x, y,−x− y w1, w2, 0 µ21 = − (λ1 + λ3) (w21 + w22), λ4 = 0
R-III ρ1, ρ2, ρ3 w1, w2, wS µ
2
0 = −12λa(w21 + w22)− λ8w2S,
µ21 = − (λ1 + λ3) (w21 + w22)− 12λaw2S,
λ4 = 0
or on the parameters of the potential. For all vacua other than R-III, this translates into
restrictions on the parameter space as well as restrictions on the allowed vevs.
For w1 = 0, the corresponding derivative given by Eq. (3.2b) is automatically zero and
there is no clash. Otherwise, the terms proportional to λ4 in equations (3.2b) and (3.2c)
must be restricted, requiring
λ4(3w
2
2 − w21)wS = 0. (3.3)
This can be achieved by having λ4 = 0 or w1 = ±
√
3w2 or wS = 0. For wS = 0, an
additional condition arises from equation (3.2a),
λ4(3w
2
1 − w22)w2 = 0, (3.4)
which implies that either λ4 = 0 or w2 = ±
√
3w1 or else w2 = 0.
The cases R-I-2 satisfy both Eqs. (3.3) and (3.4) without requiring λ4 = 0. In terms
of the defining representation they are obviously equivalent. In terms of the irreducible
representation they obey Eq. (3.4) by having w2 = 0 in case a, w2 =
√
3w1 in case b and
w2 = −
√
3w1 in case c. This difference is the result of having chosen a particular direction
for h1, as pointed out above. In this case, the residual symmetry is S2. Another interesting
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set of cases with residual symmetry S2 are the R-II-I vacua, which are also equivalent in
terms of the defining representation and obey the consistency conditions with w1 = 0 in
case a, w1 = −
√
3w2 in case b and w1 =
√
3w2 in case c. The vacua R-II-2, R-II-3 and
R-III all require λ4 = 0.
Table 2: Real vacua, for the unbroken S3 case, with massless states and degeneracies
indicated. The first entry in the parenthesis refers to the charged sector, the second one
to the neutral sector.
Vacuum name λ4 symmetry # massless states degeneracies
R00x R-I-1
√
none (1,2)
R0x0 R-II-2 0 O(2) (none,1) none
Rx00 R-I-2a
√
none none
R0xy R-II-1a
√
none none
Rx0y 0 O(2) (none,1) none
Rxy0 R-I-2b,2c
√
none none
Rxy0 R-II-3 0 O(2) (none,1) none
Rxyz R-II-1b,1c
√
none none
Rxyz R-III 0 O(2) (none,1) none
4 Goldstone bosons
Several of the possible vacuum solutions of the S3-symmetric potential have massless
scalars. These result from the spontaneous breakdown of accidental continuous symmetries
that arise when we impose the constraints required for these solutions. In tables 2 and 3
we list the number of massless scalars for each case, together with whether or not λ4 is
required to be zero.
For λ4 = 0 the potential acquires an additional O(2) symmetry between the two mem-
bers of the S3 doublet. When this symmetry is broken by the vacuum, one massless scalar
state appears. In some cases, λ7 is also required to be zero, together with λ4 = 0, and
the potential acquires an additional U(1) symmetry which we denote by U(1)hs. This cor-
responds to the freedom of rephasing hS independently from h1 and h2. Once again, an
additional massless scalar state appears when this symmetry is spontaneously broken. In
the C-III-c case, the condition λ4 = 0 is accompanied by λ2 + λ3 = 0. This last condition
does not increase the symmetry. However, there are two massless states in the C-III-c
case, as discussed in section 5. Note that there is no vacuum which requires λ2 + λ3 = 0
or λ7 = 0 without also having λ4 = 0.
In the C-V case, all of these are required to be zero, in this case we can independently
rephase any of the doublets h1, h2 and hS and therefore there are three U(1) symmetries
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which we denote by U(1)h1 , U(1)h2 and U(1)hS . The spontaneous breakdown of the result-
ing symmetry O(2)⊗U(1)h1 ⊗U(1)h2 ⊗U(1)hS is responsible for the three massless states
that appear in addition to the would-be Goldstone boson. Note that with an overall phase
rotation of the three doublets one can always reduce an independent rephasing of the three
doublets to an independent rephasing of any two of them. Additional U(1) symmetries
only arise in cases with λ4 = 0.
Table 3: Complex vacua, for the unbroken S3 case, with massless states and degeneracies
indicated, not taking into account would-be Goldstone bosons. The first entry in the
parenthesis refers to the charged sector, the second one to the neutral sector. Degeneracies
only refer to massive pairs. In the footnotes below, L indicates that a linear expression in
its arguments vanishes.
Vacuum name λ4 symmetry # massless states degeneracies
C0xy C-III-a
√
none none
Cx0y C-III-b 0 O(2) (none,1) none
Cx0y C-IV-a 0
α O(2)⊗ U(1)hS (none,2) none
Cxy0 C-I-a
√
none (none,2)
Cxy0 C-III-c 0
β O(2) (none,2) none
Cxyz C-III-d,e
√
none none
Cxyz C-III-f,g 0 O(2) (none,1) none
Cxyz C-III-h,i
√
none none
Cxyz C-IV-b 0 O(2) (none,1) none
Cxyz C-IV-c
γ - (none,1) none
Cxyz C-IV-d 0
α O(2)⊗ U(1)hS (none,2) none
Cxyz C-IV-e 0 O(2) (none,1) none
Cxyz C-IV-f
γ - (none,1) none
Cxyz C-V 0
α,β O(2)⊗U(1)h1⊗U(1)h2 ⊗ U(1)hS
(none,3) none
α Also λ7 = 0.
β Also λ2 + λ3 = 0.
γ L(λ2 + λ3, λ4), L(λ2 + λ3, λ7).
5 The C-III-c model without soft breaking terms
The C-III-c model has some peculiar properties. As mentioned above, it has two massless
states in the neutral sector (apart from the would-be Goldstone boson). Removing them
is the main purpose of introducing soft S3-breaking terms. This will be done in the next
section. As pointed out before, in the C-III-c case the condition λ4 = 0 is accompanied by
λ2 + λ3 = 0. This last condition does not increase the symmetry. If in addition we were
7
to have λ7 = 0 then new continuous symmetries of the potential would exist just like in
case C-V. One may wonder then why, in this case, one has two massless scalars rather then
only one. The reason has to do with the fact that there is no λ7 term in the mass terms
of the scalar fields coming from the S3 doublet. This fact is accidental, it results from this
vacuum configuration having wˆS = 0. The mass terms for these fields of the S3 doublet
mimic the existence of a larger symmetry under which h1 and h2 may be independently
rephased, since we have λ2 + λ3 = 0 and λ4 = 0. The vacuum is not invariant under this
rephasing of h1 and h2. However, rephasing of hS independently from the other doublets
leaves the vacuum invariant. Invariance under an overall rephasing of the three scalars
implies that only one of these former two U(1) transformations is independent.
The technique proposed in Ref. [21] is a useful tool to search for symmetries, in the
context of three-Higgs-doublet models, that are not explicit. That method applied to this
case confirms the non-existence of an additional continuous symmetry. In subsections 5.1
and 5.3 we shall be confronted with the fact that the mass splitting of the neutral scalars
in the S3 singlet sector and some trilinear couplings will depend on the relative phase of
the two vevs, σ, which seems to be unrelated to the coefficients of the potential. This
apparent paradox is addressed in subsection 5.4.
Examples of the connection between symmetries and mass degeneracies in two- and
three-Higgs-doublet models with vanishing vevs can be found in Ref. [22].
5.1 Masses
Since λ4 = 0 and wˆS = 0, the S3 doublet and the S3 singlet do not mix in the mass terms.
In the charged sector, we have
m2H± = 2λ2v
2, (5.1)
m2S± = µ
2
0 +
1
2
λ5v
2, (5.2)
where v2 = wˆ21 + wˆ
2
2 and H
± and S± refer to the charged states of the doublet and singlet
sector, respectively.
In the neutral sector of the S3 doublet, there is only one massive (CP-even) state,
m2h = 2(λ1 − λ2)v2, (5.3)
which would have to be identified with the SM-like Higgs, since it appears in the doublet
where the would-be Goldstone bosons are. There is no further mixing with the other fields.
The S3 singlet sector has two massive states (S1 and S2),
m2S1 = µ
2
0 +
1
2
(λ5 + λ6)v
2 − λ7 cos σv2, (5.4a)
m2S2 = µ
2
0 +
1
2
(λ5 + λ6)v
2 + λ7 cosσv
2. (5.4b)
Thus, the phase σ, which is left undetermined by the potential, is related to the mass
splitting of the neutral scalars in the S3 singlet sector.
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5.2 Gauge couplings
For the different couplings, we should define the degenerate fields carefully. Thus, rather
than adopting the decomposition (2.4), we take
h1 = e
iσ/2
(
h+1
(wˆ + η1 + iχ1)/
√
2
)
, h2 = e
−iσ/2
(
h+2
(wˆ + η2 + iχ2)/
√
2
)
, (5.5)
and
hS =
(
S+
(S1 + iS2)/
√
2
)
, (5.6)
with wˆ2 = v2/2. Since the S3 singlet has a vanishing vev, it is straightforward to transform
to the Higgs basis [30, 31]. A convenient choice is to leave the singlet fields as they are,
and take
h±1 = (G
± −H±)/
√
2, h±2 = (G
± +H±)/
√
2, (5.7)
η1 = (h−H)/
√
2, η2 = (h +H)/
√
2, (5.8)
χ1 = (G
0 − A)/
√
2, χ2 = (G
0 + A)/
√
2. (5.9)
This choice fixes the definitions of the degenerate, massless bosonsH andA (any orthogonal
basis would be equally good).
The covariant derivatives induce gauge couplings, those linear in the gauge fields are
LV HH = ieAµ[(H+
↔
∂ µH
−) + (S+
↔
∂ µS
−)]
− g
2 cos θW
Zµ{(H↔∂ µA) + (S1
↔
∂ µS2)− i cos 2θW [(H+
↔
∂ µH
−) + (S+
↔
∂ µS
−)]}
+
ig
2
{W µ[(H↔∂ µH−) + i(A
↔
∂ µH
−) + (S1
↔
∂ µS
−) + i(S2
↔
∂ µS
−)]− h.c.}, (5.10)
where θW is the weak mixing angle. Furthermore, H and A denote the CP-even and odd
massless states. Next, the terms bilinear in gauge fields are
LV V H = g
2v
4 cos2 θW
ZµZ
µh+
g2v
2
W †µW
µh, (5.11)
and
LV V HH =
[(
eA+
g cos 2θW
2 cos θW
Z
)
µ
(
eA+
g cos 2θW
2 cos θW
Z
)µ
+
g2
2
W †µW
µ
]
(H−H+ + S−S+)
+
[
g2
8 cos2 θW
ZµZ
µ +
g2
4
W †µW
µ
]
(h2 +H2 + A2 + S21 + S
2
2)
+
eg
2
{AµW µ[H−(H + iA) + S−(S1 + iS2)] + h.c.}
− g
2 sin2 θW
2 cos θW
{ZµW µ[H−(H + iA) + S−(S1 + iS2)] + h.c.}. (5.12)
Note that LV V H contains no term linear in the singlet fields since it has a vanishing vev.
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5.3 Trilinear couplings
The non-zero trilinear couplings are (as coefficients of the potential):
hhh : v(λ1 − λ2), (5.13a)
hAA : v(λ1 − λ2), (5.13b)
hHH : v(λ1 − λ2), (5.13c)
hH+H− : 2v(λ1 + λ2), (5.13d)
hS+S− : vλ5, (5.13e)
hS1S1 :
v
2
[λ5 + λ6 + 2 cosσλ7], (5.13f)
hS2S2 :
v
2
[λ5 + λ6 − 2 cosσλ7], (5.13g)
AS1S1 : v sin σλ7, (5.13h)
AS2S2 : − v sin σλ7, (5.13i)
HS1S2 : − 2v sin σλ7, (5.13j)
H+S−S1 : − iv sin σλ7, (5.13k)
H+S−S2 : − v sin σλ7. (5.13l)
We have here left out couplings involving the would-be Goldstone bosons. Couplings
involving H−S+ are obtained from those involving H+S− by complex conjugation. The
AAA, HHH , hhA, hhH , AAH , H+H−A, H+H−H , S+S−A and S+S−H couplings all
vanish. The dependence on the phase σ only appears in couplings involving λ7 and two
fields from the S3 singlet sector.
5.4 The phase σ
The phase σ governs the mass splitting between the two neutral fields coming from the S3
singlet Higgs doublet and it also appears in some of the trilinear couplings. This phase is
always associated with λ7 since in the C-III-c case this is the only coupling in the potential
that is sensitive to a phase. Since the minimisation conditions do not constrain this phase,
and this phase was also not included in the Lagrangian, it looks as if there are physical
quantities that depend on parameters that are not physical. This apparent paradox can be
solved by noticing that σ can be promoted to a parameter of the potential by just rephasing
the fields h1 and h2 in such a way that their vevs become real. This corresponds to the
transformation given by Eqs. (5.5). The C-III-c vacuum differs from all other complex S3
vacua, since in those cases the phases appear in the minimisation conditions and therefore
cannot be considered as free parameters [16].
As mentioned above, in a basis where wˆ1 = wˆ2, it is convenient to define σ ≡ σ1 − σ2.
We recall that this phase σ is not determined by the potential. However, it parametrises
correlations among certain physical couplings, and among those couplings and the mass
splitting in the neutral S3 singlet sector. The mass splitting and couplings given above, by
Eqs. (5.4) and (5.13), assume a basis where wˆ1 = wˆ2 = v/
√
2.
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Clearly,
∆2 ≡ m2S2 −m2S1 (5.14)
is a physical quantity, expressed as 2 cosσλ7v
2 in the adopted basis. Next, if we denote
the AS1S1 coupling (v sin σλ7) by the abbreviation gˆ, then we can identify the modulus of
λ7 as a physical quantity:
|λ7| =
√(
∆2
2v2
)2
+
(
gˆ
v
)2
, (5.15)
whereas σ (in the chosen basis) parametrises the ratio of the two physical quantities ∆2
and gˆ by
tanσ =
2gˆv
∆2
. (5.16)
6 The softly broken potential
We now replace the potential (2.1) by
V = V2 + V
′
2 + V4, (6.1)
allowing for terms V ′2 that softly break the S3 symmetry. The most general form of these
terms is
V ′2 = µ
2
2
(
h†1h1 − h†2h2
)
+
1
2
ν212
(
h†1h2 + h.c.
)
+
1
2
ν201
(
h†Sh1 + h.c.
)
+
1
2
ν202
(
h†Sh2 + h.c.
)
. (6.2)
The vacua studied in Ref. [16] will then be modified. In the following we shall briefly
discuss some general properties of the different vacua that result from the inclusion of soft
S3-breaking terms, employing a more generic terminology to label them. The labelling will
specify how many and which vevs vanish, and our focus will be on massless states and
mass degeneracies. Our approach is to fix the zero vevs in all possible positions and derive
the resulting constraints.
6.1 Real vacua
We summarise in table 4 the different real vacua for the softly broken S3-symmetric po-
tential. In the following, we list some further properties, commenting also on the degen-
eracies that arise in the limit of no soft S3-breaking terms. This classification is based
on considering all vacua with two, or one or with no vanishing vevs, where the labels are
self-explanatory. In table 1 we did not include the case corresponding to Rx0y because
w2 = 0 only appeared in the consistency conditions together with wS = 0. However, this
could obviously be a limit of the general case R-III.
Below, we briefly comment on some of the properties of the different categories of real
vacua, allowing for soft breaking terms.
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Table 4: Real vacua compatible with the most general soft S3-breaking terms, Eq. (6.2),
together with the minimisation conditions.
Label w1, w2, wS Constraints
R00x (0, 0, wS) µ
2
0 = −λ8w2S,
ν201 = ν
2
02 = 0
R0x0 (0, w, 0) µ
2
1 = µ
2
2 − (λ1 + λ3)w2,
ν212 = 0, ν
2
02 = w
2λ4
Rx00 (w, 0, 0) µ
2
1 = −µ22 − (λ1 + λ3)w2,
ν212 = ν
2
01 = 0
R0xy (0, w, wS) µ
2
0 = −12ν202 wwS + 12λ4 w
3
wS
− 1
2
λaw
2 − λ8w2S,
µ21 = µ
2
2 − 12ν202wSw − (λ1 + λ3)w2 + 32λ4wwS − 12λaw2S,
ν212 = −ν201wSw
Rx0y (w, 0, wS) µ
2
0 = −12ν201 wwS − 12λaw2 − λ8w2S,
µ21 = −µ22 − 12ν201wSw − (λ1 + λ3)w2 − 12λaw2S,
ν212 = −ν202 wSw − 3λ4wwS
Rxy0 (w1, w2, 0) µ
2
1 = −ν212w
2
1+w
2
2
4w1w2
− (λ1 + λ3) (w21 + w22),
µ22 = ν
2
12
w21−w22
4w1w2
,
ν201 = [−ν202 + (w22 − 3w21)λ4] w2w1
Rxyz (w1, w2, wS) µ
2
0 = −12ν201 w1wS − 12ν202
w2
wS
− 1
2
λ4
w2(3w21−w22)
wS
− 1
2
λa(w
2
1 + w
2
2)− λ8w2S,
µ21 = −ν212w
2
1+w
2
2
4w1w2
− wS
4w1
ν201 − wS4w2ν202 − 34λ4
(w21+w
2
2)wS
w2− (λ1 + λ3) (w21 + w22)− 12λaw2S,
µ22 = ν
2
12
w21−w22
4w1w2
− wS
4w1
ν201 +
wS
4w2
ν202 − 34λ4
wS(3w
2
2−w21)
w2
6.1.1 (0, 0, wS)
Soft breaking terms ν201 and ν
2
02 do not survive minimisation. If no soft breaking terms are
present there is mass degeneracy among the charged scalars, as well as two pairs of mass
degenerate neutral scalars. If either ν212 or µ
2
2 is present there is no mass degeneracy.
6.1.2 (0, w, 0)
Soft breaking term ν212 does not survive minimisation. All masses are non-degenerate with
or without soft breaking terms. If no soft breaking terms are present (R-II-2), this vacuum
requires λ4 = 0 and it has one massless state. If ν
2
02 is the only soft breaking term, it
requires λ4 6= 0, and we still have one neutral massless state. This massless state results
from the condition relating ν202 and λ4 in table 4. If either µ
2
2 or ν
2
01 is present, then all
neutral scalars become massive.
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6.1.3 (w, 0, 0)
Soft breaking terms ν212 and ν
2
01 do not survive minimisation. There are no massless scalars
and no mass degeneracy with or without the soft breaking terms.
6.1.4 (0, w, wS)
All soft breaking terms survive minimisation. There are no massless scalars and no mass
degeneracy with or without the soft breaking terms. Note that the soft term ν212 and ν
2
01
are proportional, i.e., they have to coexist.
6.1.5 (w, 0, wS)
All soft breaking terms survive minimisation. There is no mass degeneracy with or without
soft breaking terms. If no soft breaking term is present (requiring for consistency λ4 = 0),
one of the neutral masses vanishes. If there is at least one soft breaking term present, then
all neutral scalars become massive.
6.1.6 (w1, w2, 0)
All soft breaking terms survive minimisation. There is no mass degeneracy with or without
soft breaking terms. If no soft breaking term is present (requiring for consistency λ4 = 0),
one of the neutral masses vanishes. If there is at least one soft breaking term present, then
all neutral scalars become massive. Note that the µ22 term cannot be the only soft term.
6.1.7 (w1, w2, wS)
All soft breaking terms survive minimisation. There is no mass degeneracy with or without
soft breaking terms. If no soft breaking term is present (requiring for consistency λ4 = 0),
one of the neutral masses vanishes. If there is at least one soft breaking term present, then
all neutral scalars become massive.
6.2 Complex vacua
Below, we briefly comment on some of the properties of the different categories of complex
vacua, allowing for soft breaking terms.
6.2.1 (0, wˆ2e
iσ2, wˆS)
Soft breaking terms ν212 and ν
2
01 do not survive minimisation. There are no massless scalars
and no mass degeneracy with or without the soft breaking terms.
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Table 5: Complex vacua compatible with the most general soft S3-breaking terms, Eq. (6.2),
together with the minimisation conditions. The following abbreviations are introduced:
S± = sin2 σ1wˆ21 ± sin2 σ2wˆ22.
w1, w2, wS Constraints
(0, wˆ2e
iσ2 , wˆS)
C0xy
µ20 = −12λbwˆ22 − λ8wˆ2S,
µ21 = µ
2
2 − (λ1 + λ3) wˆ22 + cosσ2wˆ2wˆSλ4 − 12λbwˆ2S,
ν202 = wˆ2(wˆ2λ4 − 4 cosσ2wˆSλ7),
ν212 = ν
2
01 = 0
(wˆ1e
iσ1 , 0, wˆS)
Cx0y
µ20 = −12λbwˆ21 − λ8wˆ2S,
µ21 = −µ22 − (λ1 + λ3) wˆ21 − 12λbwˆ2S,
ν212 = −2 cosσ1wˆ1wˆSλ4,
ν201 = −4 cosσ1wˆ1wˆSλ7
ν202 = −λ4wˆ21
(wˆ1e
iσ1 , wˆ2e
iσ2 , 0)
Cxy0
µ21 = −(λ1 − λ2)(wˆ21 + wˆ22),
µ22 = −(wˆ21 − wˆ22)(λ2 + λ3),
ν212 = −4wˆ1wˆ2 cos(σ2 − σ1)(λ2 + λ3),
ν201 = −2wˆ1wˆ2 cos(σ2 − σ1)λ4,
ν202 = −(wˆ21 − wˆ22)λ4
(wˆ1e
iσ1 , wˆ2e
iσ2 , wˆS)
Cxyz
provided
sin(σ2 − σ1) 6= 0.
µ21 = {2wˆ2SS+µ20 − 4wˆ21wˆ22(wˆ21 + wˆ22) sin2(σ2 − σ1)(λ1 − λ2)
−wˆ2S[2wˆ21wˆ22 sin2(σ2 − σ1)− (wˆ21 + wˆ22)S+]λb + 2wˆ4SS+λ8}/
[4wˆ21wˆ
2
2 sin
2(σ2 − σ1)]
µ22 = −{2wˆ2SS−µ20 + 4wˆ21wˆ22(wˆ21 − wˆ22) sin2(σ2 − σ1)(λ2 + λ3)
+4 cosσ2wˆ
2
1wˆ
3
2wˆS sin
2(σ2 − σ1)λ4
+wˆ2SS−[(wˆ
2
1 + wˆ
2
2)λb + 2wˆ
2
Sλ8]}/[4wˆ21wˆ22 sin2(σ2 − σ1)]
ν212 = −{2 sin σ1 sin σ2wˆ2Sµ20 + 4wˆ21wˆ22 cos(σ2 − σ1) sin2(σ2 − σ1)(λ2 + λ3)
+2 cosσ1wˆ
2
1wˆ2wˆS sin
2(σ2 − σ1)λ4 + sin σ1 sin σ2(wˆ21 + wˆ22)wˆ2Sλb
+2 sin σ1 sin σ2wˆ
4
Sλ8}/[wˆ1wˆ2 sin2(σ2 − σ1)]
ν201 = −{2 sin σ2wˆSµ20 + wˆ21wˆ2 sin[2(σ2 − σ1)]λ4 + sin σ2wˆS(wˆ21 + wˆ22)λb
+4 cosσ1wˆ
2
1wˆS sin(σ2 − σ1)λ7 + 2 sinσ2wˆ3Sλ8}/[wˆ1 sin(σ2 − σ1)],
ν202 = {2 sin σ1wˆSµ20 + wˆ2(wˆ22 − wˆ21) sin(σ2 − σ1)λ4 + sin σ1wˆS(wˆ21 + wˆ22)λb
−4 cosσ2wˆ22wˆS sin(σ2 − σ1)λ7 + 2 sin σ1wˆ3Sλ8}/[wˆ2 sin(σ2 − σ1)]
(wˆ1e
iσ,±wˆ2eiσ, wˆS)
Cxyz
provided
sin σ 6= 0.
µ20 = −12 (wˆ21 + wˆ22) λb − λ8wˆ2S,
µ21 =
−1
4wˆ1wˆ2
{4wˆ1wˆ2(wˆ21 + wˆ22)(λ1 + λ3) + 2wˆ1wˆS [(wˆ21 + wˆ22) cosσλ4 + wˆ2wˆSλb]
±(wˆ21 + wˆ22)ν212},
µ22 =
1
4wˆ1wˆ2
{2λ4wˆ1wˆS (wˆ21 − 3wˆ22) cosσ ± (wˆ21 − wˆ22) ν212},
ν201 = ∓2wˆ1(λ4wˆ2 + 2λ7wˆS cosσ),
ν202 = λ4 (wˆ
2
2 − wˆ21)− 4λ7wˆ2wˆS cosσ.
14
6.2.2 (wˆ1e
iσ1, 0, wˆS)
All soft breaking terms survive minimisation.
Let us first assume σ1 6= ±pi2 (C-IV-a). If there are no soft breaking terms (requiring
λ4 = λ7 = 0) we have two massless neutral scalars. With λ4 and λ7 both equal to
zero, the scalar potential acquires an O(2)⊗U(1)hS symmetry, where U(1)hS refers to the
independent rephasing of hS. Vacua that break these two continuous symmetries lead to
two massless neutral scalars.
It is impossible to have ν212 or ν
2
02 as the only soft breaking term. If the µ
2
2 term is the
only soft breaking term, we have one massless neutral scalar. If the ν201 term is present,
there are no massless neutral scalars.
Possible situations where we have only two soft breaking terms are when we have ν212
and ν202 (this situation requires λ4 6= 0) or when we have µ22 and ν201 (this situation requires
λ7 6= 0). In both these situations there are no massless neutral scalars.
Possible situations where we have three soft breaking terms are when we have ν212, µ
2
2
and ν202 or when we have ν
2
12, ν
2
01 and ν
2
02. In either of these two situations there are no
massless neutral scalars. If all four soft breaking terms are present there are no massless
neutral scalars.
Next, let us assume σ1 = ±pi2 (C-III-b). In this case we immediately get ν212 = ν201 = 0,
so the only possible soft breaking terms are µ22 and ν
2
02. If there are no soft breaking terms
(this requires λ4 = 0) we have one massless scalar. If the µ
2
2 or ν
2
02 term is present, there
are no massless scalars.
6.2.3 (wˆ1e
iσ1, wˆ2e
iσ2, 0)
All soft breaking terms survive minimisation.
Let us first assume σ1 − σ2 6= ±pi2 (C-III-c). If there are no soft breaking terms (this
requires λ2+λ3 = 0 and λ4 = 0) we have two massless neutral scalars. Not all combinations
of soft breaking terms are allowed, but if at least one soft breaking term is present we have
no massless neutral scalars.
Next, let us assume σ1 − σ2 = ±pi2 . In this case we immediately get ν212 = ν201 = 0, so
the only possible soft breaking terms are µ22 and ν
2
02. If wˆ2 6= ±wˆ1 and no soft breaking
terms are present, we have two massless scalars. If either of the soft breaking terms are
present, we have no massless neutral scalars.
Finally, if σ1 − σ2 = ±pi2 and wˆ2 = ±wˆ1 (C-I-a), there are no soft breaking terms and
also no massless neutral scalars.
6.2.4 (wˆ1e
iσ1, wˆ2e
iσ2, wˆS)
All four soft breaking terms survive minimisation. The case sin(σ2 − σ1) = 0 requires
special attention, and is listed separately in table 5. Finally, if σ1 − σ2 6= 0, then all soft
terms are constrained by the parameters of the unbroken potential, together with the vevs
(moduli wˆ1, wˆ2, wˆS, and the phases σ1 and σ2).
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7 The C-III-c model with soft S3-breaking
The C-III-c vacuum was characterised [16] as a vacuum with wˆS = 0 and with the other
two vevs arbitrary complex, (wˆ1e
iσ1 , wˆ2e
iσ2 , 0). It is worth stressing that the C-I-a vac-
uum (wˆ1,±iwˆ1, 0) is not a particular case of C-III-c. This is clearly seen by comparing
the constraints arising from the stationary-point equations. Whereas there are three con-
straints attached to C-III-c, see Eq. (2.6), there is only one constraint attached to C-I-a,
namely µ21 = − (λ1 − λ2) v2. The C-III-c vacuum requires λ4 = 0, λ2 + λ3 = 0, and
µ21 = −(λ1 − λ2)v2 and can in fact be simplified to (wˆeiσ, wˆ, 0) due to the O(2) symmetry
resulting from λ4 = 0.
The C-I-a case was studied by Derman and Tsao [19] and by Branco, Ge´rard and
Grimus [29]. It has the property of being geometrical in the sense that it is complex with
the phases fixed by the symmetry rather than by the parameters of the potential. In the
defining representation this vacuum appears as (x, xe2pii/3, x−2pii/3). It was shown [29] that
this vacuum does not violate CP in spite of being complex.
One of the constraints of C-III-c is λ4 = 0. Whenever λ4 = 0 the potential acquires
an additional O(2) symmetry which is continuous. This symmetry is broken by the vevs
and therefore there will be massless scalars. There will in fact be two massless scalars, as
discussed above. One way of avoiding massless scalars is to include soft breaking terms.
Soft breaking terms combining hS with one of the hi are not consistent with λ4 = 0.
It was shown [16, 28] that the presence of the O(2) symmetry allows one to transform
the C-III-c vacuum into (wˆeiσ/2, wˆ−iσ/2, 0) and therefore it can be readily shown that it
also preserves CP. Actually, the introduction of soft breaking terms can only introduce
CP violation in the mass part of the potential, not in the interactions. Thus, if the mass-
squared matrices split into a CP-even and a CP-odd part, then CP is conserved.
The C-III-c vacuum with soft breaking terms is denoted as Cxy0 in table 5. The min-
imisation constraints are
µ21 = −(wˆ21 + wˆ22)(λ1 − λ2), (7.1a)
µ22 = −(wˆ21 − wˆ22)(λ2 + λ3) (7.1b)
ν212 = −4wˆ1wˆ2 cos(σ2 − σ1)(λ2 + λ3), (7.1c)
ν201 = −2wˆ1wˆ2 cos(σ2 − σ1)λ4, (7.1d)
ν202 = −(wˆ21 − wˆ22)λ4. (7.1e)
It is clear from these expressions that for µ22 and ν
2
12 can only be different from zero if
λ2 + λ3 6= 0. Likewise, ν201 and ν202 can only be present for λ4 6= 0.
We shall here present three avenues to the introduction of modifications to C-III-c:
• Models with vevs (wˆ1eiσ1 , wˆ2eiσ2 , 0), λ4 = 0 and λ2 + λ3 6= 0,
• Models with vevs (wˆ1eiσ1 , wˆ2eiσ2 , 0), λ4 6= 0 and λ2 + λ3 = 0,
• Models with vevs (wˆ1eiσ1 , wˆ2eiσ2 , 0), λ4 6= 0 and λ2 + λ3 6= 0.
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7.1 Models with vevs (wˆ1e
iσ1, wˆ2e
iσ2, 0), λ4 = 0 and λ2 + λ3 6= 0
It is clear from expressions (6.2), (7.1d) and (7.1e) that the condition λ4 = 0 is not
consistent with having soft breaking terms involving hS and either one of the hi. Soft
breaking terms involving h1 and h2 are only possible if we relax the condition λ2+ λ3 = 0.
The introduction of soft breaking terms of S3 also breaks the O(2) symmetry that
resulted from having λ4 equal to zero. As a result, in this case we cannot use this symmetry
to write this set of vacua with equal moduli for the first two entries.
In general, CP is spontaneously broken in this case, provided that cos(σ2 − σ1) 6= 0.
It can be readily seen that, if cos(σ2 − σ1) = 0, then ν212 must be zero and only the soft
breaking term proportional to µ22 survives. The vacuum will have the form (±iwˆ1, wˆ2, 0),
the initial symmetry h1 → −h1 is not broken and CP is conserved by the vacuum, since
the following condition [29]
Uij〈0|Φj |0〉∗ = 〈0|Φi|0〉 (7.2)
is satisfied for
U =

−1 0 00 1 0
0 0 1

 . (7.3)
It can be checked that by going to the Higgs basis, according to the method proposed
in Ref. [28], that CP is conserved when the following four conditions are met:
• sin[2(σ2 − σ1)] = 0, (7.4a)
• λ7(sin 2σ1 − sin 2σ2) = 0, (7.4b)
• λ7(wˆ21 sin 2σ1 + wˆ22 sin 2σ2) = 0, (7.4c)
• λ7(wˆ21 sin 2σ2 + wˆ22 sin 2σ1) = 0. (7.4d)
Clearly, if σ1 = σ2 = 0 there is no CP violation. Actually, these conditions are sufficient,
not necessary for CP conservation. This distinction will be illustrated by Case 4 discussed
in appendices B and C.
If cos(σ2 − σ1) 6= 0 and wˆ1 = wˆ2 the term in µ22 is forced to be zero and only the soft
breaking term in ν212 survives. The vacuum will have the form (wˆe
iσ1 , wˆeiσ2 , 0) which can
be rephased into (wˆeiσ, wˆe−iσ, 0). The potential will have symmetry for h1 ↔ h2 and CP
is conserved with the following choice of U in Eq. (7.2)
U =

0 1 01 0 0
0 0 1

 . (7.5)
In Case 4 of table 6 one might expect CP to be violated. However, this is not the case
as will be shown in appendix C. In order to prove it one can go to the Higgs basis where
only one of the fields acquires a non-zero real vev and use the freedom to rephase the fields
with zero vev in order to make all the coefficients of the potential real [28]. This set of
transformations changes the form of the potential but does not change the physics. In its
final version both the potential and the vevs are real.
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7.2 Models with vevs (wˆ1e
iσ1, wˆ2e
iσ2, 0), λ4 6= 0 and λ2 + λ3 = 0
These are also models denoted by Cxy0 in table 5. In the particular case of cos(σ2−σ1) = 0
and wˆ1 = wˆ2, no soft breaking term survives and we fall into the case C-I-a and there is
no spontaneous CP violation.
We now find that CP is violated unless Eqs. (7.4b)–(7.4d) are satisfied, together with:
• wˆ21 sin(2σ1 − σ2) + (2wˆ21 − wˆ22) sin σ2 = 0, (7.6a)
• wˆ22 sin(2σ1 − σ2) + (2wˆ22 − wˆ21) sin σ2 = 0, (7.6b)
• wˆ21 sin(2σ1 − σ2)− 3wˆ22 sin σ2 = 0, (7.6c)
• wˆ22 sin(2σ1 − σ2)− 3wˆ21 sin σ2 = 0, (7.6d)
which replace Eq. (7.4a). Clearly, if σ1 = σ2 = 0 there is no CP violation. There are two
special cases worth considering:
• cos(σ2 − σ1) = 0, and wˆ1 6= wˆ2
• cos(σ2 − σ1) 6= 0, and wˆ1 = wˆ2
In the first case, the vacuum can be written as (±iwˆ1, wˆ2, 0), where we chose σ2 = 0 by
the freedom to rephase. In this case, the term proportional to ν201 does not survive, and
the potential is symmetric under h1 → −h1. CP is therefore conserved since Eq. (7.3) is
satisfied.
In the second case, only the term proportional to ν201 survives, and in general CP will
be violated (unless both phases vanish). This phenomenon illustrates the fact that soft
breaking terms can introduce spontaneous CP violation [32].
7.3 Models with vevs (wˆ1e
iσ1, wˆ2e
iσ2, 0), λ4 6= 0 and λ2 + λ3 6= 0
In this general case, going to the Higgs basis, we see that the full set of conditions, including
Eqs. (7.4) and (7.6), must be satisfied. Obviously, for σ2 − σ1 = 0, these equations can be
verified after a suitable rephasing. Otherwise, CP is violated.
Table 6 summarises the results obtained in this section. In Case 3, 7 and 10 the vacuum
can be written in the same form, but Case 3 is CP conserving, while the other two are CP
violating.
In appendix B we collect some information on the mass spectra of these different models.
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Table 6: Summary of softly-broken C-III-c-like vacua. Here, “SBT” stands for “Soft-
breaking terms”. When the two moduli are equal, we denote it wˆ. In the last column we
listed the symmetry responsible for no spontaneous CP violation.
Case Constraints Allowed SBT Vacuum CP
1 λ4 = 0, λ2 + λ3 = 0 none (wˆ1e
iσ1 , wˆ2e
iσ2 , 0) conserving
C-III-c ≡ (wˆeiσ/2, wˆe−iσ/2, 0) O(2)
2 λ4 = 0, λ2 + λ3 6= 0 µ22 (±iwˆ1, wˆ2, 0) conserving
cos(σ2 − σ1) = 0, wˆ1 6= wˆ2 h1 → −h1
3 λ4 = 0, λ2 + λ3 6= 0 ν212 (wˆeiσ1 , wˆeiσ2 , 0) conserving
cos(σ2 − σ1) 6= 0, wˆ1 = wˆ2 ≡ (wˆeiσ/2, wˆe−iσ/2, 0) h1 ↔ h2
4 λ4 = 0, λ2 + λ3 6= 0 µ22, ν212 (wˆ1eiσ1 , wˆ2eiσ2 , 0) conserving
no other conditions
5 λ4 6= 0, λ2 + λ3 = 0 none (±iwˆ, wˆ, 0) conserving
cos(σ2 − σ1) = 0, wˆ1 = wˆ2 h1 → −h1
C-I-a
6 λ4 6= 0, λ2 + λ3 = 0 ν202 (±iwˆ1, wˆ2, 0) conserving
cos(σ2 − σ1) = 0, wˆ1 6= wˆ2 h1 → −h1
7 λ4 6= 0, λ2 + λ3 = 0 ν201 (wˆeiσ, wˆ, 0) violating
cos(σ2 − σ1) 6= 0, wˆ1 = wˆ2
8 λ4 6= 0, λ2 + λ3 = 0 ν201, ν202 (wˆ1eiσ1 , wˆ2eiσ2 , 0) violating
no other conditions
9 λ4 6= 0, λ2 + λ3 6= 0 µ22, ν202 (±iwˆ1, wˆ2, 0) conserving
cos(σ2 − σ1) = 0, wˆ1 6= wˆ2 h1 → −h1
10 λ4 6= 0, λ2 + λ3 6= 0 ν212, ν201 (wˆeiσ, wˆ, 0) violating
cos(σ2 − σ1) 6= 0, wˆ1 = wˆ2
11 λ4 6= 0, λ2 + λ3 6= 0 all (wˆ1eiσ1 , wˆ2eiσ2 , 0) violating
σ2 − σ1 6= 0, wˆ1 6= wˆ2
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8 Summary
We have presented a detailed discussion of some 3HDM vacua obtained from an S3-
symmetric potential with soft symmetry breaking. The S3-symmetric case is plagued with
massless states and degeneracies, whose origins have been identified. Allowing for soft
S3-breaking terms, all states become massive.
The case of a vanishing singlet vev, without the introduction of soft breaking terms,
which we denoted as C-III-c is particularly interesting. It exhibits an unfamiliar feature:
the minimum of the potential allows for a relative phase between the two non-zero vevs,
whose value is not constrained by the minimisation conditions [16]. For all other complex
S3 vacua the phases always appear in the minimisation conditions and therefore cannot be
considered as free parameters [16]. In the C-III-c case the phase appearing in the vevs is
an additional free parameter which determines the mass splitting in the neutral S3 singlet
sector. This phase also shows up in certain couplings. Whenever this phase is chosen to
be zero the two neutral scalars from the S3 singlet sector are degenerate in mass. It is
possible to remove this phase from the vevs by a rephasing giving rise to a CP conserving
potential with λ7 complex. In this basis all free parameters appear in the potential.
This work focuses on the C-III-c vacuum as well as on its versions with soft breaking
terms. It is beyond the scope of this paper to discuss other possible vacua with soft breaking
terms. However, models with wˆS non-zero may also provide interesting possibilities from
the phenomenological point of view.
Furthermore, we have seen that the form of the vacuum does not determine whether
or not CP is violated spontaneously. One and the same form of the vacuum may conserve
or violate CP, depending on which soft S3-breaking terms (and corresponding constraints)
are present.
The results presented in this paper should be useful for model building, providing
guidelines for various interesting scenarios. The S3-symmetric potential with three Higgs
doublets has been analysed by several authors in the past few years with many differ-
ent aims, such as looking for realistic Yukawa couplings [33–36], looking for dark matter
candidates [37, 38], looking for CP violation [39], as well as many other studies.
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A Complex vacua of the S3-symmetric potential
For convenience, we here include a table of complex vacua from Ref. [16].
Table 7: Complex vacua. Notation: ǫ = 1 and −1 for C-III-d and C-III-e, respectively;
ξ =
√−3 sin 2ρ1/ sin 2ρ2, ψ = √[3 + 3 cos(ρ2 − 2ρ1)]/(2 cos ρ2). Imposing the vacuum
constraints [16], the vacua labelled with an asterisk (∗) are in fact real.
Irreducible Rep. Defining Rep.
w1, w2, wS ρ1, ρ2, ρ3
C-I-a wˆ1,±iwˆ1, 0 x, xe± 2pii3 , xe∓ 2pii3
C-III-a 0, wˆ2e
iσ2 , wˆS y, y, xe
iτ
C-III-b ±iwˆ1, 0, wˆS x+ iy, x− iy, x
C-III-c wˆ1e
iσ1 , wˆ2e
iσ2 , 0 xeiρ − y
2
,−xeiρ − y
2
, y
C-III-d,e ±iwˆ1, ǫwˆ2, wˆS xeiτ , xe−iτ , y
C-III-f ±iwˆ1, iwˆ2, wˆS reiρ ± ix, reiρ ∓ ix, 32re−iρ − 12reiρ
C-III-g ±iwˆ1,−iwˆ2, wˆS re−iρ ± ix, re−iρ ∓ ix, 32reiρ − 12re−iρ
C-III-h
√
3wˆ2e
iσ2 ,±wˆ2eiσ2 , wˆS xeiτ , y, y
y, xeiτ , y
C-III-i
√
3(1+tan2 σ1)
1+9 tan2 σ1
wˆ2e
iσ1 , x, yeiτ , ye−iτ
±wˆ2e−i arctan(3 tanσ1), wˆS yeiτ , x, ye−iτ
C-IV-a∗ wˆ1eiσ1 , 0, wˆS reiρ + x,−reiρ + x, x
C-IV-b wˆ1,±iwˆ2, wˆS reiρ + x,−re−iρ + x,−reiρ + re−iρ + x
C-IV-c
√
1 + 2 cos2 σ2wˆ2, re
iρ + r
√
3(1 + 2 cos2 ρ) + x,
wˆ2e
iσ2 , wˆS re
iρ − r√3(1 + 2 cos2 ρ) + x,−2reiρ + x
C-IV-d∗ wˆ1eiσ1 ,±wˆ2eiσ1 , wˆS r1eiρ + x, (r2 − r1)eiρ + x,−r2eiρ + x
C-IV-e
√
− sin 2σ2
sin 2σ1
wˆ2e
iσ1 , reiρ2 + reiρ1ξ + x, reiρ2 − reiρ1ξ + x,
wˆ2e
iσ2 , wˆS −2reiρ2 + x
C-IV-f
√
2 + cos(σ1−2σ2)
cos σ1
wˆ2e
iσ1 , reiρ1 + reiρ2ψ + x,
wˆ2e
iσ2 , wˆS re
iρ1 − reiρ2ψ + x,−2reiρ1 + x
C-V∗ wˆ1eiσ1 , wˆ2eiσ2 , wˆS xeiτ1 , yeiτ2, z
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B Masses in the softly broken C-III-c models
Regardless of the softly broken S3 parameters, the charged mass eigenstates are of the
same form in every model. Therefore, only the neutral states are analysed here. Also,
since wˆS = 0, the masses will only depend on the relative phase,
σ ≡ σ1 − σ2, (B.1)
not on σ1 and σ2 separately.
B.1 Models with λ4 = 0 and λ2 + λ3 6= 0
These are the models discussed in section 7.1. The softly broken parameters consistent
with the λ4 = 0 constraint are µ
2
2 and ν
2
12. Due to the fact that λ4 = 0 and wˆS = 0, there is
no mixing between the S3 doublet and singlet at the level of masses. These models might
provide possible dark matter candidates. Since the S3 singlet possesses zero vacuum value
it could be associated with an inert doublet. Moreover, the λ4 = 0 constraint results in a
discrete symmetry Z2 : hS → −hS, which could stabilise the scalar dark matter sector.
B.1.1 Case 2. C-III-c-µ2
2
CP is conserved, and the squared masses are given by:
m2H(1,2) = (λ1 + λ3) v
2 ∓∆, (B.2a)
m2A = 2 (λ2 + λ3) v
2, (B.2b)
m2S(1,2) = µ
2
0 +
1
2
(λ5 + λ6) v
2 ∓ λ7(wˆ21 − wˆ22), (B.2c)
where
∆2 = (λ1 + λ3)
2 v4 − 16 (λ1 − λ2) (λ2 + λ3) wˆ21wˆ22. (B.3)
In the limit λ2 + λ3 → 0, both m2H1 and m2A vanish linearly.
B.1.2 Case 3. C-III-c-ν2
12
CP is conserved, and the squared masses are given by:
m2H(1,3) = (λ1 + λ3 ∓∆) v2, (B.4a)
m2H2 = 2 (λ2 + λ3) v
2, (B.4b)
m2S(1,2) = µ
2
0 +
1
2
(λ5 + λ6) v
2 ∓ λ7 cosσ v2, (B.4c)
where
∆2 = (λ1 − λ2)2 + (λ2 + λ3)2 + 2 (λ1 − λ2) (λ2 + λ3) cos(2σ). (B.5)
The above terminology is determined by m2H1 < m
2
H2
< m2H3 , valid for µ
2
1 < 0. In the limit
λ2 + λ3 → 0, both m2H1 and m2H2 vanish linearly.
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B.1.3 Case 4. C-III-c-µ2
2
-ν2
12
CP is conserved, illustrating that the conditions (7.4) are not necessary. This is explained
in appendix C. The squared masses are given by:
m2H(1,2) = (λ1 + λ3) v
2 ∓∆H , (B.6a)
m2H3 = 2 (λ2 + λ3) v
2, (B.6b)
m2S(1,2) = µ
2
0 +
1
2
(λ5 + λ6) v
2 ∓ λ7∆S, (B.6c)
where
∆2H = (λ1 + λ3)
2 v4 − 16 (λ1 − λ2) (λ2 + λ3) sin2 σwˆ21wˆ22, (B.7)
∆2S = v
4 − 4 sin2 σ wˆ21wˆ22. (B.8)
The above terminology is determined by m2H1 < m
2
H2
< m2H3 , valid for µ
2
1 < 0. In the limit
λ2 + λ3 → 0, both m2H1 and m2H3 vanish linearly.
B.2 Models with λ4 6= 0 and λ2 + λ3 = 0
These are the models discussed in section 7.2. They actually contain states of negative
squared mass, but are described here as limits to be avoided in any discussion of realistic
versions of Cases 9, 10 and 11.
The softly broken parameters consistent with the λ3 + λ2 = 0 constraint are ν
2
01 and
ν202. Due to the fact that λ4 6= 0, there is mixing between the S3 doublet and singlet.
B.2.1 Case 6. C-III-c-ν2
02
Because of the mixing between the doublet and singlet sectors, the neutral mass-squared
matrix is now 6×6. Transforming to the Higgs basis and removing the would-be Goldstone
boson, it is reduced to a 5× 5 matrix spanned by the fields
{ηHB1 , ηHB2 , ηHB3 , χHB2 , χHB3 }. (B.9)
The 5× 5 mass-squared matrix is block-diagonal, a 3× 3 “η” block and a 2× 2 “χ” block,
see Eq. (2.4), reflecting the fact that CP is conserved. The “η” block has the following
properties:
det
(M2η) = 8(λ2 − λ1)λ24wˆ21wˆ42, (B.10)
Tr
(M2η) = µ20 + 2(λ1 − λ2)v2 + 12(λ5 + λ6)v2 + λ7(wˆ22 − wˆ21). (B.11)
For the product of the three squared masses to be positive, we must have λ2 > λ1. For the
“χ” block we may solve explicitly for the squared masses in terms of a square root:
m2A(1,2) =
1
4
(
2µ20 + λawˆ
2
1 + λbwˆ
2
2 ∓∆
)
, (B.12)
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where
∆2 = 16λ24wˆ
2
1v
2 +
(
2µ20 + λawˆ
2
1 + λbwˆ
2
2
)2
. (B.13)
We note that the product of these two masses is negative,
m2A1m
2
A2 = −λ24wˆ21v2 < 0, (B.14)
so Case 6 must be abandoned. Actually, with λ1 − λ2 positive (as follows from µ21 being
negative), also the determinant (B.10) is negative, signalling the fact that not one, but two
masses squared are negative.
B.2.2 Case 7. C-III-c-ν2
01
In this case, the 5× 5 matrix spanned by the fields (B.9) has the following structure
M2 =


× 0 × 0 ×
0 0 × 0 0
× × × × ×
0 0 × 0 ×
× 0 × × ×

 . (B.15)
While individual elements (denoted “×”) also depend on µ20, λ5, λ6 and λ7, the product of
all 5 masses squared is very simple,
M21M
2
2M
2
3M
2
4M
2
5 = det
(M2) = 1
2
(λ1 − λ2)λ44 sin4 σ v10. (B.16)
However, the sum of all masses squared depends on these additional parameters,
Tr
(M2) = 2µ20 + 2(λ1 − λ2)v2 + (λ5 + λ6)v2. (B.17)
A necessary condition for positive squared masses is λ1 > λ2.
One might be tempted to conclude from Eq. (B.16) that four of the squared masses
vanish as λ4 → 0. This is not necessarily the case, as illustrated by the following example.
Let a toy model have the two squared masses:
m2a,b =
[
λ0 ∓
√
λ20 − λ24
]
v2. (B.18)
While the product is given bym2am
2
a = λ
2
4 v
4, the individual masses squared are for λ4/λ0 →
0 given as
m2a ≃
λ24
2λ0
v2, m2b ≃ 2λ0 v2. (B.19)
The overall determinant is positive, allowing for an even number of negative squared
masses. A numerical exploration shows that two of them are negative, like for Case 6.
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B.2.3 Case 8. C-III-c-ν2
01
-ν2
02
The Higgs basis rotation and reduction to a 5× 5 matrix yields the following structure
M2 =


× 0 × 0 ×
0 0 × 0 ×
× × × × ×
0 0 × 0 ×
× × × × ×

 , (B.20)
with
det
(M2) = 8 (λ1 − λ2) λ44 sin4 σwˆ41wˆ42v2, (B.21)
Tr
(M2) = 2µ20 + (2λ1 − 2λ2 + λ5 + λ6) v2. (B.22)
For positive squared masses we must have λ1 > λ2.
The mass eigenstates are all mixtures of the gauge fields of Eq. (B.9) and CP is violated.
The overall determinant is positive, allowing for an even number of negative squared
masses. A numerical exploration shows that two of them are negative, like for Case 6.
B.3 Models with λ4 6= 0 and λ2 + λ3 6= 0
These are the models discussed in section 7.3. In these models there is mixing between the
S3 doublet and singlet.
B.3.1 Case 9. C-III-c-µ2
2
-ν2
02
The 5×5 neutral mass-squared matrix is block-diagonal, a 3×3 “η” block and a 2×2 “χ”
block, reflecting the fact that CP is conserved. The following properties can be extracted:
det
(M2η) = 8 (λ1 − λ2) [(λ2 + λ3) (2µ20 + λbwˆ21 + λawˆ22)− λ24wˆ22] wˆ21wˆ22, (B.23)
Tr
(M2η) = µ20 + 2 (λ1 + λ3) v2 + 12(λbwˆ21 + λawˆ22). (B.24)
The masses squared of the “χ” sector are given by:
m2A(1,2) =
1
4
[
2µ20 + 4
(
λ2 + λ3 +
1
4
λa
)
wˆ21 + 4
(
λ2 + λ3 +
1
4
λb
)
wˆ22 ∓∆
]
, (B.25)
where
∆2 =
[
2µ20 + 4
(
λ2 + λ3 +
1
4
λa
)
wˆ21 + 4
(
λ2 + λ3 +
1
4
λb
)
wˆ22
]2
− 16 [(2µ20 + λawˆ21 + λbwˆ22) (λ2 + λ3)− λ24wˆ21] v2.
(B.26)
For the “χ” sector we have
det
(M2χ) = [(λ2 + λ3) (2µ20 + λawˆ21 + λbwˆ22)− λ24wˆ21] v2. (B.27)
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Necessary conditions to have all squared masses positive is then
(λ2 + λ3)
(
2µ20 + λbwˆ
2
1 + λawˆ
2
2
)− λ24wˆ22 > 0, (B.28)
(λ2 + λ3)
(
2µ20 + λawˆ
2
1 + λbwˆ
2
2
)− λ24wˆ21 > 0. (B.29)
B.3.2 Case 10. C-III-c-ν2
12
-ν2
01
In this case, the 5× 5 neutral mass-squared matrix takes the form:
M20 =


× 0 × × ×
0 × × 0 0
× × × × ×
× 0 × × ×
× 0 × × ×

 , (B.30)
with
det
(M2) = sin2 σ(λ1 − λ2)[A4(µ20)2 + A2µ20 + A0]v6, (B.31)
where
A4 = 8(λ2 + λ3)
2, (B.32a)
A2 = 4(λ2 + λ3)[2(λ2 + λ3)(λ5 + λ6)− λ24]v2, (B.32b)
A0 =
1
2
{[2(λ2 + λ3)(λ5 + λ6)− λ24]2 − cos2 σ[4(λ2 + λ3)λ7 − λ24]2}v4 (B.32c)
= 1
2
sin2 σλ44v
4 − 2(λ2 + λ3)λ24(λ5 + λ6 − 2λ7 cos2 σ)v4
+ 2(λ2 + λ3)
2[(λ5 + λ6)
2 − 4λ27 cos2 σ]v4, (B.32d)
and
Tr
(M2) = 2µ20 + (2λ1 + 2λ2 + 4λ3 + λ5 + λ6) v2. (B.33)
The mass eigenstates are a mixture of all five gauge fields, and CP is violated.
B.3.3 Case 11. C-III-c-µ2
2
-ν2
12
-ν2
01
-ν2
02
In this case, all elements of the 5 × 5 neutral mass-squared matrix are non-zero, CP is
violated and the determinant is rather complex,
det
(M2) = 8 sin2 σ(λ1 − λ2)[A4(µ20)2 + A2µ20 + A0]wˆ21wˆ22v2, (B.34)
with
A4 = 4(λ2 + λ3)
2, (B.35a)
A2 = 2(λ2 + λ3)[2(λ2 + λ3)(λ5 + λ6)− λ24]v2, (B.35b)
A0 = sin
2 σλ44wˆ
2
1wˆ
2
2 − (λ2 + λ3)λ24[(λ5 + λ6)v4 − 2(v4 − 4 sin2 σwˆ21wˆ22)λ7]
+ (λ2 + λ3)
2[(λ5 + λ6)
2v4 − 4(v4 − 4 sin2 σwˆ21wˆ22)λ27] (B.35c)
= (λ2 + λ3)[(λ2 + λ3)λa − λ24]λbv4 + sin2 σ[4(λ2 + λ3)λ7 − λ24]2wˆ21wˆ22, (B.35d)
whereas the trace has the familiar value, given by Eq. (B.33).
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B.4 Sums of masses squared
The contributions to the trace of the mass-squared matrix in the neutral sector, i.e., the
sum of all squared masses of the neutral scalars can be expressed in terms of µ20, µ
2
1, λ2+λ3,
λ5 + λ6, and λ7 as
Tr
(M2) = #µ20 +#µ21 +#12(λ2 + λ3)v2 +#12(λ5 + λ6)v2 +#λ7v2, (B.36)
where we use the minimisation condition µ21 = −(λ1 − λ2)v2 and trade λ3 for µ21 and
(λ2 + λ3).
We summarise in table 8 the coefficients denoted “#” above. Where CP is conserved,
contributions to the CP-even and CP-odd parts are given separately, as x+ y. The singlet
sector contributes to the µ20, (λ5+λ6) and λ7 terms (the latter cancel among CP-even and
odd terms), whereas the doublet sector contributes to the µ21 and (λ2 + λ3) terms.
Table 8: Contributions to sums of masses squared.
Case CPC µ20 µ
2
1
1
2
(λ2 + λ3)
1
2
(λ5 + λ6) λ7
1 X 1+1 −2 + 0 0 1+1 ±a∓ a
2 X 1+1 −2 + 0 4+4 1+1 ±b∓ b
3 X 1+1 −2 + 0 4+4 1+1 ±a∓ a
4 X 1+1 −2 + 0 4+4 1+1 ±c∓ c
5 X 1+1 −2 + 0 0 1+1 −b + b
6 X 1+1 −2 + 0 0 1+1 −b + b
7 − 2 −2 0 2 0
8 − 2 −2 0 2 0
9 X 1+1 −2 + 0 4+4 1+1 −b + b
10 − 2 −2 8 2 0
11 − 2 −2 8 2 0
a = cos σ v2, b = (wˆ21 − wˆ22), c = ∆S.
Expressed in these terms, the structure is remarkably simple and regular.
C CP conservation in Case 4
For Case 4, when the two soft-breaking terms µ22 and ν
2
12 are present, the vacuum con-
figuration (wˆ1e
iσ1 , wˆ2e
iσ2 , 0) does not result in a CP-violating model. This can be shown
explicitly by constructing a basis transformation that results in both a real potential and a
real vacuum, thereby eliminating the possibility of having spontaneous CP violation. We
start by simultaneously rephasing all three doublets to get a vacuum configuration of the
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form (wˆ1e
iσ, wˆ2, 0), leaving all parameters of the potential
V = µ20h
†
ShS + µ
2
1(h
†
1h1 + h
†
2h2) + µ
2
2(h
†
1h1 − h†2h2) +
1
2
ν212(h
†
2h1 + h
†
1h2) (C.1)
+ λ1(h
†
1h1 + h
†
2h2)
2 + λ2(h
†
1h2 − h†2h1)2 + λ3[(h†1h1 − h†2h2)2 + (h†1h2 + h†2h1)2]
+ λ5(h
†
ShS)(h
†
1h1 + h
†
2h2) + λ6[(h
†
Sh1)(h
†
1hS) + (h
†
Sh2)(h
†
2hS)]
+ λ7[(h
†
Sh1)(h
†
Sh1) + (h
†
Sh2)(h
†
Sh2) + h.c.] + λ8(h
†
ShS)
2. (C.2)
unchanged. Consider now the change of basis given by
 h¯1h¯2
h¯S

 = eiψ

 cos θ e−iξ sin θ 0−eiχ sin θ ei(χ−ξ) cos θ 0
0 0 eiτ



 h1h2
hS

 , (C.3)
with
θ = arctan
(
wˆ2
wˆ1
)
, (C.4)
χ = − arctan
(
v2
(wˆ22 − wˆ21) tanσ
)
, (C.5)
ξ = −σ, (C.6)
ψ = −σ, (C.7)
τ =
π
4
+
σ
2
− 1
2
arctan
(
v2
(wˆ22 − wˆ21) tanσ
)
. (C.8)
This takes us to the Higgs basis, with the real vacuum configuration (v, 0, 0) along with a
transformed potential of the form
V¯ = γ¯0(h¯
†
Sh¯S) + γ¯1(h¯
†
1h¯1) + γ¯2(h¯
†
2h¯2) + γ¯3
[
(h¯†1h¯2) + (h¯
†
2h¯1)
]
+
Λ¯1
2
(h¯†1h¯1)
2 +
Λ¯2
2
(h¯†2h¯2)
2 + Λ¯3(h¯
†
1h¯1)(h¯
†
2h¯2) + Λ¯4(h¯
†
1h¯2)(h¯
†
2h¯1)
+
Λ¯5
2
[
(h¯†2h¯1)
2 + (h¯†1h¯2)
2
]
+ Λ¯6
[
(h¯†1h¯1)(h¯
†
1h¯2) + (h¯
†
1h¯1)(h¯
†
2h¯1)
]
+Λ¯7
[
(h¯†2h¯2)(h¯
†
1h¯2) + (h¯
†
2h¯2)(h¯
†
2h¯1)
]
+ Λ¯8(h¯
†
Sh¯S)
[
(h¯†1h¯1) + (h¯
†
2h¯2)
]
+Λ¯9
[
(h¯†Sh¯1)(h¯
†
1h¯S) + (h¯
†
Sh¯2)(h¯
†
2h¯S)
]
+
Λ¯10
2
[
(h¯†Sh¯1)
2 + (h¯†1h¯S)
2
]
+
Λ¯11
2
[
(h¯†Sh¯2)
2 + (h¯†2h¯S)
2
]
+
Λ¯12
2
[
(h¯†Sh¯1)(h¯
†
Sh¯2) + (h¯
†
1h¯S)(h¯
†
2h¯S)
]
+Λ¯13(h¯
†
Sh¯S)
2 (C.9)
where all the γ¯i and Λ¯i become real when imposing Eq. (7.1), thus implying a CP conserving
model.
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D Continuous symmetries of the potential
Symmetries of multi-Higgs-doublet models are only manifest in particular bases. Ref. [21]
provides a very useful prescription to identify the symmetries present in specific imple-
mentations of three-Higgs-doublet models when written in bases where these symmetries
are not manifest. It is well known that a Z2 symmetry acting on one Higgs doublet in
models with two Higgs doublets may manifest itself as a symmetry for the interchange of
the two doublets. Here we show how a continuous O(2) symmetry of an S3-symmetric po-
tential corresponding to the C-III-c vacuum can explicitly appear as a different continuous
symmetry.
Let us consider the C-III-c vacuum configuration (wˆ1e
iσ1 , wˆ2e
iσ2 , 0), in the framework
of the S3-symmetric 3HDM potential without soft breaking terms. The stationary-point
equations require λ4 = 0 and λ3 = −λ2, so the quartic part of the potential simplifies to
V4 = λ1(h
†
1h1 + h
†
2h2)
2 − λ2[(h†1h1 − h†2h2)2 + 4(h†1h2)(h†2h1)] + λ5(h†ShS)(h†1h1 + h†2h2)
+λ6[(h
†
Sh1)(h
†
1hS) + (h
†
Sh2)(h
†
2hS)] + λ7[(h
†
Sh1)
2 + (h†Sh2)
2 + (h†1hS)
2 + (h†2hS)
2]
+λ8(h
†
ShS)
2. (D.1)
Using the basis-independent checks given in [21], we find that our potential satisfies the
constraints for both O(2) and U(1)1 symmetries. The O(2) symmetry is manifest in the
basis in which we start out because the potential is symmetric now under the change of
basis given by 
 h1h2
hS

→ O

 h1h2
hS

 , (D.2)
where
O ∈



 cosα − sinα 0sinα cosα 0
0 0 1

 ,

 cosα sinα 0sinα − cosα 0
0 0 1



 . (D.3)
The U(1)1 symmetry does not manifest itself in this basis, so it must be a hidden symmetry
which manifests itself in another basis. Let us therefore change into another basis using
 h1h2
hS

 = B

 φ1φ2
φ3

 , (D.4)
where
B =


1√
2
1√
2
0
− i√
2
i√
2
0
0 0 1

 . (D.5)
The transformed potential in the new basis is given by
V2 = µ
2
0φ
†
3φ3 + µ
2
1(φ
†
1φ1 + φ
†
2φ2), (D.6)
29
V4 = λ1(φ
†
1φ1 + φ
†
2φ2)
2 − λ2[(φ†1φ1 − φ†2φ2)2 + 4(φ†1φ2)(φ†2φ1)] + λ5(φ†3φ3)(φ†1φ1 + φ†2φ2)
+λ6[(φ
†
3φ1)(φ
†
1φ3) + (φ
†
3φ2)(φ
†
2φ3)] + 2λ7[(φ
†
1φ3)(φ
†
2φ3) + (φ
†
3φ1)(φ
†
3φ2)]
+λ8(φ
†
3φ3)
2. (D.7)
Applying the transformation (D.5) to the vacuum (2.7), it is seen to become real.
In this new basis, the potential is manifestly symmetric under the U(1)1 transformation
given by 
 φ1φ2
φ3

→

 eiα 0 00 e−iα 0
0 0 1



 φ1φ2
φ3

 . (D.8)
This U(1)1 symmetry is not an additional continuous symmetry, it is just the way the
original O(2) symmetry manifests itself after the change of basis. If the potential possesses
a symmetry in the original basis represented by a matrix S, then after changing to a new
basis, the potential will possess a symmetry represented by the matrix B†SB. Applying
this to the matrices in (D.3), we find that the O(2) matrices are transformed into the
following two matrices in the new basis


 eiα 0 00 e−iα 0
0 0 1

 ,

 0 eiα 0e−iα 0 0
0 0 1



 , (D.9)
thus showing that this U(1)1 symmetry is just the original O(2) symmetry expressed in
the new basis.
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